We analyze the microcausality of free Dirac field on noncommutative spacetime. We calculate the vacuum and non-vacuum state expectation values for the Moyal com-
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In recent years, noncommutative field theories (NCFTs) have caused a lot of researches [1] [2] [3] [4] [5] . In noncommutative spacetime, the spacetime coordinates become noncommutative operators. They satisfy the commutation relations
where θ µν is a constant c-number real antisymmetric matrix. From the commutation relations (1) one can deduce the uncertainty relations
for the spacetime coordinates. For NCFTs, one of the important problems is the microcausality problem. The spacetime uncertainty relations (2) indicate that microcausality may be intrinsically broken for quantum fields on noncommutative spacetime. Here we mean for the free fields, because for the interacting fields of NCFTs, UV/IR mixing phenomena can result the breakdown of microcausality generally [6, 7] . In [8] , the authors constructed the SO(1, 1) × SO(2) invariant spectral measure for the Fourier expansion of quantum fields on noncommutative spacetime. This makes the microcausality can only be satisfied outside the SO(1, 1) light wedge. While inside the light wedge, the usual microcausality of quantum fields will be broken on noncommutative spacetime. However, the breakdown of microcausality of this manner is a necessary result of the breakdown of Lorentz invariance of the spectral measure. In [9] , the authors pointed out that even the SO(1, 1) microcausality may be violated to consider the renormalization of the propagators.
We hope to study whether the microcausality will be broken for quantum fields on noncommutative spacetime if their spectral measures are still the usual Lorentz invariant form. For the free scalar field, some results are obtained in [10] [11] [12] . In [12] , we obtain that microcausality is violated for the quadratic operators of free scalar field on noncommutative spacetime when θ 0i = 0. In this Letter, we will analyze the microcausality of free Dirac field on noncommutative spacetime. Our starting point is to expand the Dirac field according to the usual Lorentz invariant spectral measure and to see whether the microcausality will be violated under such a condition.
We first need to analyze the criterion of microcausality violation for quantum fields on noncommutative spacetime. For quantum fields, what the observer measures are certain expectation values. We use |Ψ to represent the state vectors of a quantum field system. We suppose that there are two observers A and B situated at the spacetime points x and y, they proceed a measurement separately to the state vector |Ψ for the locally observable quantity O(x) at the same occasion. However the time x 0 and the time y 0 may not be equal generally. For the observer A, the state vector |Ψ has been affected by the action of observer B's instrument. It has become O(y)|Ψ . The two sequent actions of the instruments on the state vector should be represented by a product operation of the operators. Because the spacetime now is noncommutative, it is reasonable to consider that the product operation should be the Moyal star-product, while not the ordinary product. Thus the measuring result of observer A obtained from his or her instrument is Ψ|O(x) ⋆ O(y)|Ψ . Similarly, the measuring result of observer B obtained from his or her instrument is Ψ|O(y) ⋆ O(x)|Ψ .
If the microcausality is satisfied for quantum fields on noncommutative spacetime, then there does not exist the physical information and interaction with the transmit speed faster than the speed of light. Thus if the spacetime points x and y are separated by a spacelike interval, the two physical measurements of observers A and B do not interfere each other. This makes
If the microcausality is violated for quantum fields on noncommutative spacetime, then there will exist the physical information and interaction with the transmit speed faster than the speed of light. Thus even if the spacetime points x and y are separated by a spacelike interval, the two physical measurements of observers A and B will still interfere each other. This makes
Therefore we can judge whether microcausality is satisfied or not for quantum fields on noncommutative spacetime from (3) and (4).
In (3) and (4), we need to calculate the Moyal star-product of two functions defined on two different spacetime points. It can be calculated through the following expansion [5] :
This formula can be set up from the commutative relations
which means that the spacetime commutation relations (1) is generalized to two different spacetime points. In [12] , we proved that the commutative relations (6) is in self-consistency with the commutative relations (1).
To consider the free Dirac field on noncommutative spacetime, its Lagrangian is given by
The Fourier expansions for the free Dirac fields are
where E p = p 0 = + |p| 2 + m 2 and px = p µ x µ . In (8), the spacetime coordinates are treated as noncommutative. They satisfy the commutation relations (1) and (6) . The anticommutation relations for the creation and annihilation operators are still the same as that in the commutative spacetime. The spinors u(p, s) and v(p, s) satisfy the normalization and completeness relations:
We define the anticommutator of Moyal star-product for Dirac field to be
In [13] we have obtained
where the singular function ∆(x − y) is given by [14] ∆
So the result of (11) is equal to the anticommutator of Dirac field in ordinary commutative spacetime.
We can define the non-vacuum state vector of Dirac field quantum system as
In (13) we use (s, s ′ ) to represent four kinds of the spinors u(p, s) and v(p, s). We use N p i (s, s ′ ) to represent the corresponding occupation number of the momentum p i . N p i (s, s ′ ) can only take the values 0 and 1. We suppose that the occupation numbers are nonzero only on some separate momentums p i . For all other momentums, the occupation numbers are zero. We use 0 to represent that the occupation numbers are zero on all the other momentums and spins in (13) . The general properties that (13) satisfies are given in [13] . For an arbitrary actual field quantum system, its total energy is finite. Because the occupation numbers N p i (s, s ′ ) take values of the integral numbers 0 and 1, the occupation numbers N p i (s, s ′ ) should only be nonzero on finite number separate momentums p i . Otherwise, if N p i take nonzero values on infinite number separate momentums p i , or on a continuous interval of the momentum, the total energy of the field quantum system will be infinite. In [13] , we obtain
It is just equal to the vacuum expectation value of (11) . Although the Lorentz invariant singular function S(x − x ′ ) is zero for a spacelike interval of two spacetime coordinates, we cannot deduce that Dirac field on noncommutative spacetime satisfies the microcausality from (11) and (14), because the physical observables of Dirac field are not ψ(x) and ψ(x) directly, they are some bilinear forms constructed from ψ(x) and ψ(x).
For Dirac field on ordinary commutative spacetime, its observable quantities can be constructed from the fundamental bilinear form ψ α (x)ψ β (x) and γ-matrixes. For the fundamental bilinear form ψ α (x)ψ β (x), we have
From the properties of the fundamental anticommutators of Dirac field, we have
Therefore microcausality is satisfied for Dirac field on ordinary commutative spacetime. 
Because the fundamental Moyal anticommutators of the Dirac field are not c-number functions, in order to see the microcausality property for the operator ψ α (x) ⋆ ψ β (x), we need to calculate its expectation values, to see whether they are vanished or not for a spacelike interval. This is also the demand of (3) and (4) . The same as in [12] for the scalar field, we can adopt the normal orderings for the operators of Dirac field to simplify the calculation equivalently. Therefore we will analyze the operator : ψ α (x) ⋆ ψ β (x) : in the following. This means that an infinite charge of the vacuum with all of the negative energy states occupied has been eliminated in the corresponding commutative spacetime field theory. We first consider the vacuum expectation value
which is the limit case of physical measurements. We decompose ψ(x) into the annihilation (positive frequency) and creation (negative frequency) part:
where
For the conjugate field we have
From (19) and (21) we have
The normal ordering of the operator ψ α (x) ⋆ ψ β (x) is given by
Here we have made a simplified manipulation for the normal ordering of the Moyal starproduct operator ψ
. This is because the result of the Moyal star-product of two functions is related with the order of two functions. In the Fourier integral representation, we can see that ψ (18) will contribute zero when we evaluate their vacuum expectation values. Thus we can ignore such a difference equivalently.
To expand : ψ α (x) ⋆ ψ β (x) : and : ψ σ (y) ⋆ ψ τ (y) :, we can obtain the nonzero contributions to the vacuum expectation value of (18) . They are
In (27), there are two terms in the second equality. The first term means that two Dirac field quanta |p 1 , s 1 and |p 2 , s 2 are generated at the spacetime point y, and annihilated at the spacetime point x. The second term means that two Dirac field quanta |p 1 , s 1 and |p 2 , s 2 are generated at the spacetime point x, and annihilated at the spacetime point y. In (27),
is the Lorentz invariant volume element, p 2 = p µ γ µ , and
Thus the total expression is Lorentz invariant. In the above calculation, we have used (5) of the Moyal star-product of two functions defined on two different spacetime points. The result does not rely on the parameters θ µν . However if θ µν = 0, we can deduce from (16) directly that the free Dirac field satisfies the microcausality on ordinary commutative spacetime. In such a case, we need not to evaluate the expectation value of (27). Therefore although the result of (27) does not rely on the values of θ µν , it relies on the noncommutativity of the spacetime. In addition we can see that the result of (27) is invariant if we permute the arguments p 1 and p 2 . Therefore we can also rewrite it in the form symmetrical to the arguments p 1 and p 2 .
We need to analyze whether the expression of (27) disappears or not for a spacelike interval. This can be seen through the vacuum expectation value of the equal-time commutator. Thus to take x 0 = y 0 in (27), we have
We can see that in (28), the integral measure does not change when the arguments (p 1 ,p 2 ) change to (−p 1 ,−p 2 ). The integral space is symmetrical to the integral arguments (p 1 ,p 2 ) and (−p 1 ,−p 2 ). Therefore the odd function part of the integrand contributes zero to the whole integral. While the even function part will contribute nonzero to the whole integral. Thus to omit the odd function part in the integrand we obtain
where p 2i = (p 2x , p 2y , p 2z ). It does not vanish generally for an arbitrary interval of (x − y). Because the total expression of (27) is Lorentz invariant, we have
This means that microcausality is violated for the bilinear operator : ψ α (x) ⋆ ψ β (x) : of the free Dirac field on noncommutative spacetime under the measurement of vacuum state. We also need to calculate the non-vacuum state expectation values for the Moyal commutator of (17) . We note it as
where |Ψ is a state vector of the Dirac field quantum system given by (13) . Like that for the scalar field case [12] , we can obtain that the result of (31) is just equal to the result of (27). The reason lies in the fact that the total energy of an actual field quantum system is always finite. The occupation numbers N p i (s, s ′ ) are only nonzero on a set of finite number separate momentums p i . Thus the integrand of (31) only changes its value on a set of finite number separate momentums p i relative to the integrand of (27), while this will not change the result of the whole integral. Therefore we have
which is a universal function for an arbitrary state vector of (13) . For the details of the analysis, we will report it elsewhere. From (32) we obtain
This means that microcausality is violated for the bilinear operator : ψ α (x) ⋆ ψ β (x) : of the free Dirac field on noncommutative spacetime generally. For Dirac field, its observable quantities such as the current j µ (x) =: ψ(x)γ µ ⋆ ψ(x) : are constructed from : ψ α (x) ⋆ ψ β (x) :, therefore they will not obey the microcausality either on noncommutative spacetime. We can see that microcausality is broken for Dirac field on noncommutative spacetime, no matter whether θ 0i vanishes or not. In addition the results of (30) and (33) do not depend on the concrete values of θ µν , however it depend on the noncommutativity of the spacetime. The limit of θ µν = 0 is not equal to the commutative spacetime case. This is different from the case of scalar field [12] . For the scalar field, we have obtained in [12] that the microcausality is broken when θ 0i = 0 and the limit of θ µν = 0 is equal to the commutative spacetime case. From this fact we can regard that the breakdown of the microcausality of Dirac field on noncommutative spacetime is essensial.
The above result is obtained from the usual Lorentz invariant spectral measure for the expansion of quantum field on noncommutative spacetime. At the same time we can suppose that θ µν changes as a c-number second order antisymmetric tensor when the reference system changes. This can make the commutation relations (1) and (6) be Lorentz covariant. Based on the principle of the equivalence of all inertial reference systems, we can assume that θ µν are the same constants in all static reference systems where the observer himself or herself lies.
For the interacting fields of NCFTs, UV/IR mixing phenomena can result the breakdown of microcausality generally [6, 7] , no matter θ 0i vanishes or not. On the other hand the solitons in noncommutative gauge theories can travel with an arbitrary speed faster than the speed of light [15] . For nonlinear noncommutative waves, according to the result of [16] , they have infinite propagation speed. These phenomena [15, 16] show that for NCFTs, causality may be violated even though in their classical field theories. According to the results of this paper and [12] , microcausality may be broken for quantum fields on noncommutative spacetime even though for their free fields. Even if we exclude the case of θ 0i = 0 because of the violation of unitarity [17, 18] , microcausality will still be broken for free Dirac field on noncommutative spacetime. This means that for the physically observable quantities of free Dirac field on noncommutative spacetime, there exist the physical information and interactions with the transmit speed faster than the speed of light and up to infinite.
